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A B S T R A C T

During recent years, a large research effort has focused on the use of machine learning with Neural Networks to 
solve problems in sciences and engineering, with many procedures proposed. However, in almost no work did the 
authors perform some basic reliability tests whichever may be applicable. While we exemplify in this paper the 
use of basic tests in the analysis of solids, the fundamental broad point of reliability we make should be looked at 
as much more general. In finite element static analyses, hence considering only the spatial discretization, the 
patch tests including the rigid body mode tests are the basic tests that need to be passed. In direct integration 
solutions of dynamic equilibrium equations, additional tests need to be passed, like to assure that the integration 
scheme gives correct results when displacements are imposed, and not just external forces. These basic tests must 
be passed for any finite element procedure to be accepted in industry. The tests need to also be passed by a 
machine learning procedure focused on analyses of solids and fluids to verify the scheme and assure its reli
ability. This is important for the proposed method to be accepted in significant scientific studies and especially in 
industry. In this paper we describe the basic tests for spatial discretizations, emphasize their importance and 
illustrate how a machine learning scheme may seemingly work in the solution of some problems, but not pass the 
patch tests and hence not be sufficiently reliable for general use. Such schemes are not candidates for use in 
industry, when used on their own or to enhance finite element methods.

1. Introduction

As is well-known, the finite element method is very widely used in 
engineering analyses and scientific studies, see for example Refs. [1–3]. 
This success is based on various properties of the finite element method 
including the reliable and efficient use of the technique − the most 
important property being the reliability of the method [1,2]. Without 
these features, the finite element method would not have been accepted 
by engineers and scientists because it is of paramount importance to use 
reliable analysis techniques that are also efficient for the study of en
gineering designs and in any scientific investigation.

The reliability of the method also includes its robustness which 
means that in linear analysis for small changes in geometry, material 
properties or loading conditions the response changes will not be unduly 
large. Mathematical analyses have been performed in this regard, 
notably the inf-sup conditions need to be passed, for example, consid
ering analyses of incompressible media and plates and shells [1,4].

The reliability of the method additionally means that the analysis 
procedure must never fail provided the mathematical problem is well- 
posed, that is, reasonable material properties are used, and the natural 
(force) and essential (displacement) boundary conditions are properly 
imposed and lead to a physically stable problem definition.

A very important contribution in identifying whether a finite element 
method and its implementation are reliable was made by Bruce Irons in 

proposing the patch tests [5]. Finite element procedures must satisfy 
these tests which is a requirement in all program developments [1,2], 
and in particular in the development of commercial finite element 
software like ANSYS, ADINA, NASTRAN, ABAQUS. The tests have been 
used for many years and certainly in the development of ADINA since 
the inception of the program [6]. Satisfying the patch tests means that 
the finite element formulation is sound and valid, the program imple
mentation is error-free, and convergence of the solution scheme is 
assured. To ensure that the patch tests are satisfied should indeed be the 
first step in any mathematical analysis of a solution procedure.

While the patch tests were proposed to test the finite element spatial 
discretization used, for example, whether incompatibilities between 
elements prevent convergence, the role of the patch tests has been 
widened to also test direct time integration schemes [2,7]. Here we test 
whether a proposed solution method gives correct results when dis
placements are imposed, and not just external tractions.

In recent years, tremendous developments have taken place in Ma
chine Learning with Neural Networks for the solution of partial differ
ential equations, in particular the various Physics-Informed Neural 
Networks (PINN) have been proposed. While numerous schemes in pa
pers have been published, see for example Refs. [8–28], and give an 
alternative avenue for solving analysis problems, the reliability of the 
proposed methods is usually not sufficiently addressed, neither the ef
ficiency. These publications also include proposals on how to enhance 
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finite element methods, see for example Refs. [21–24] but these are also 
hardly tested for their reliability and efficiency. Only few studies have 
given focus on using a patch test for the evaluation of the reliability of 
the proposed scheme [29–31] or mention a patch test [27,28,32]. 
Furthermore, when applicable, the proposed methods are not evaluated 
versus the established and newly proposed finite element procedures, 

like the overlapping finite elements [33,34].
A minimum threshold is to test the proposed solution schemes on the 

full simple patch tests described in this paper.
The objective in this paper is to review the patch tests for spatial 

discretizations and show their applicability when using machine 
learning methods. The importance of performing the basic tests is 

Fig. 1. Tests for the three rigid body modes: (a) u-horizontal rigid displacement, (b) v-vertical rigid displacement, and (c) rigid rotation about the z-axis.

Fig. 2. Classical constant stress/ strain patch tests in plane stress/ strain conditions: (a) uniform extension in the x-direction, (b) uniform extension in the y-direction, 
(c) uniform shear.

Fig. 3. Machine learning models to test for rigid body modes: (a) u-horizontal rigid displacement, (b) v-vertical rigid displacement, and (c) rigid rotation about the 
z-axis.
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pointed out and we demonstrate that if the tests are not passed, the 
machine learning results may look acceptable in some analyses but are 
obviously in general not acceptable solutions. Hence, such machine 
learning methods are clearly not reliable. The discussion and illustra
tions underline the importance of performing the patch tests in the 
verification of machine learning procedures for the solution of static and 
dynamic responses, and in general when the procedure is designed to 
solve partial differential equations.

While we exemplify our thoughts here in the use of machine learning 

procedures operating on the mathematical framework of the principle of 
virtual work, the fundamental points we make are more general, 
namely, applicable when proposing machine learning procedures for all 
areas based on universal approximation theorems. Reliability can only 
be achieved if the machine learning procedure is correctly designed and 
verified with appropriate basic tests. These, of course, need to be 
designed depending on the problems that are addressed.

Fig. 4. Machine learning models used to test for constant stresses/ strains: (a) uniform extension in the x-direction, (b) uniform extension in the y-direction, (c) 
uniform shear.

Fig. 5. Schematic of the stress–displacement PINN: the network maps spatial coordinates (x, y) to 
(
ux, uy, τxx, τyy, τxy

)
and is trained via PDE and boundary- 

condition (BC) losses.

Fig. 6. Distribution of interior and boundary collocation points sampled in the tests for rigid body modes: (a) u-horizontal rigid displacement, (b) v-vertical rigid 
displacement, and (c) rigid rotation about the z-axis. Due to the high density, the boundary points appear as continuous solid lines.
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2. The patch tests

We discuss in this section how the patch tests are performed in 
traditional finite element developments, and then we propose how they 
can be considered in verifying machine learning procedures. This will 
show that while patch tests are related to consistency and convergence 
of finite element methods [1], the proposed tests constitute here a basic 
verification of machine learning model formulations and 
implementations.

2.1. The traditional patch tests

The objective of the patch tests is to ensure that in the analysis of 
solids and structures. 

– the rigid body modes are properly represented, and
– the constant stress states are also correctly represented.

While in general only small displacement/ small strain conditions are 

Fig. 7. Training loss histories for the test for rigid body modes showing total, PDE, and boundary condition (BC) losses. The vertical dashed line indicates the 
transition from Adam to L-BFGS optimization: (a) u-horizontal rigid displacement, (b) v-vertical rigid displacement, and (c) rigid rotation about the z-axis.

Fig. 8. Neural network predictions for u-horizontal rigid displacement. The top row shows the stress components 
(
τxx, τyy, τxy

)
, and the bottom row shows the 

displacement components 
(
ux, uy

)
.
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considered, the tests hold also for nonlinear analyses because these are 
extensions of linear analyses [1]. While we focus on the analysis of 
solids, of course, similar conditions need also be studied in fluid flow and 
other analyses. First, we discuss the rigid body mode tests and then the 
constant strain / stress tests. We should also mention that the rigid body 
mode tests, while they need to be passed, are frequently not referred to 
as “patch tests” but we decided to include them in the tests.

Considering a plane stress or strain situation, see Fig. 1, any patch of 
the domain when discretized by finite elements needs to be able to 
represent the three rigid body modes, the u- horizontal and v-vertical 
rigid displacements and the rigid rotation about the z-axis. In Figs. 1 and 
2 we use the patch of elements proposed in Ref [1]. In a three- 
dimensional analysis, three rigid body displacements and three rigid 
body rotations need to be represented, corresponding to the x-, y- and z- 

Fig. 9. Neural network predictions for v-vertical rigid displacement. The top row shows the stress components 
(
τxx, τyy, τxy

)
, and the bottom row shows the 

displacement components 
(
ux, uy

)
.

Fig. 10. Neural network predictions for rigid body rotation about the z-axis.. The top row shows the stress components 
(
τxx, τyy, τxy

)
, and the bottom row shows the 

displacement components 
(
ux, uy

)
.
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axes. Each test case must not show any stresses in the elements. The 
same holds when only a single element is in the patch and for structural 
elements (beam, plate and shell elements) similar tests are applicable 
[1].

Of course, the rigid body motions correspond to zero eigenvalues of 
the stiffness matrix in finite element analysis when the patch of elements 
is unsupported, that is, free of any boundary conditions. If there are 
additional zero eigenvalues, these correspond to “spurious zero energy 
modes” and the solution scheme is unreliable [1].

In addition, any patch of elements must be able to correctly represent 
the constant stress/ strain states when the mathematical problem is well- 
posed for the analysis of the state. Fig. 2 shows how these stress/ strain 
states are imposed for plane stress or plane strain analyses. Of course, in 
three-dimensional and structural analyses, similar constant stress/ strain 
conditions are applicable, and in the general solution of partial differ
ential equations also similar states need to be represented, and appro
priate patch tests can be designed.

If these tests are passed, the basic conditions of convergence are 
satisfied, but of course, the rate of convergence is not assessed. The rate 

of convergence needs to be determined by mathematical analyses and 
additional numerical tests, like the inf-sup test, see for example [35,36].

Another important point is that the patch tests also show whether the 
program implementation has been correctly performed. If there is a 
programming error, it is likely that the patch tests are not passed and 
show the defect.

The above points are also of much value in the development of 
machine learning procedures. Here, the developer needs to use any 
means available to assure that the theoretical foundation and the 
implementation of the proposed procedure are defect-free and hence 
reliable for general use. Passing the patch tests – whichever are appli
cable − is one of the important requirements for methods to be 
acceptable for general analyses.

2.2. Modeling the patch tests for machine learning schemes

We demonstrate in this section how the patch tests can be performed 
when using a machine learning scheme.

In finite element analysis, the first step in testing an element is to 

Fig. 11. Distribution of interior and boundary collocation points sampled in the constant stress/ strain conditions: (a) uniform extension in the x-direction, (b) 
uniform extension in the y-direction, and (c) uniform shear.

Fig. 12. Convergence histories for the tests for constant stresses/ strains. The total, PDE, and boundary condition (BC) losses are shown, and the dashed line marks 
the switch from Adam to L-BFGS: (a) uniform extension in the x-direction, (b) uniform extension in the y-direction, and (c) uniform shear.
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Fig. 13. Predicted stress fields and deformed configuration for the x-direction test of constant stresses/ strains. The stress components 
(
τxx, τyy, τxy

)
are shown in the 

top row, and the displacement components 
(
ux, uy

)
are shown in the bottom row.

Fig. 14. Predicted stress fields and deformed configuration for the y-direction test of constant stresses/ strains. The stress components 
(
τxx, τyy, τxy

)
are shown in the 

top row, and displacement components 
(
ux, uy

)
are shown in the bottom row.
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Fig. 15. Predicted stress fields and deformed configurations for the shear test of constant stresses/ strains. The stress components 
(
τxx, τyy, τxy

)
are shown in the top 

row, and the displacement components 
(
ux, uy

)
are shown in the bottom row.

Fig. 16. The sheet (or plate in plane stress conditions) with the hole, the complete geometry and material data for the plane stress solution.
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calculate its eigenvalues. There will be as many eigenvalues as the 
number of element degrees of freedom and in plane stress / strain an
alyses, exactly only three eigenvalues must be equal to zero (within 
round-off errors). Hence the fourth eigenvalue must be orders of 
magnitude larger than the third eigenvalue (when considering the 
round-off errors).

In machine learning usually the eigenvalues are not solved for, and 
only displacements and stresses, or fluid velocities and stresses are 
calculated. Hence, we propose for a plane stress/ strain solution capa
bility, the analysis models shown in Fig. 3 to test whether the rigid body 
modes are properly represented in the machine learning procedure. 
Also, in case spurious zero energy modes are present, even if only one 
such mode is present, the machine learning scheme can be expected to 
not converge.

The constant stress/ strain situations can then be tested for using the 

models in Fig. 4 and in these solutions also difficulties will arise if a 
spurious zero energy mode is present.

2.3. A machine learning procedure and patch test results obtained

The machine learning scheme that we employ is shown in Fig. 5. We 
use a standard physics-informed neural network (PINN) based on a fully 
connected multi-layer perceptron (MLP) with three hidden layers, each 
containing 64 neurons and tanh activation functions. Assuming a two- 

Fig. 17. The model of one quarter of the sheet subjected to an end-displacement (left) and the PDE collocation interior and boundary condition points (right). As in 
the case of the patch tests, the boundary collocation points are very close to each other.

Fig. 18. Convergence data for the analysis of the sheet with the hole using the 
procedure of Fig. 5.

Fig. 19. Predicted displacement magnitude ‖u‖ and von Mises stress (τvM) for 
the quarter plate.
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dimensional elasticity problem, the model approximates the displace
ment and stress fields with a neural network N θ, 
(
ûx, ûy, τ̂xx, τ̂yy, τ̂xy

)
(x, y) = N θ(x, y), (x, y) ∈ Ω, (1) 

where N θ denotes the neural network parameterized by θ, and (ûx, ûy) 
and (τ̂xx, τ̂yy, τ̂xy) represent the predicted displacement and stress com
ponents, respectively. The network takes the spatial coordinates (x, y) as 
input and outputs the corresponding field variables over the domain Ω. 
The model is trained by minimizing a physics-informed loss function 
defined as 

L = λpdeL pde + λBCL BC (2) 

where L pde enforces the equilibrium equations and the constitutive 
relations in the domain (PDE loss), L BC imposes the boundary condi
tions on ∂Ω (BC loss) and λpde and λBC are weighting coefficients. The 
losses are evaluated at interior and boundary collocation points. For the 
two plate-with-a-hole analyses cases the network uses 1000 interior 
collocation points, and for the remaining cases 250 interior collocation 
points are employed. To enforce the boundary conditions, 100 colloca
tion points were sampled on each line or arc segment corresponding to 
an individual boundary-condition term. For further details regarding the 
formulation, see Appendix A.

All models were trained using the PyTorch framework [37]. The 
numerical experiments were conducted on the MIT Engaging cluster 

Fig. 20. Predicted stress components 
(
τxx, τyy, τxy

)
for the quarter plate.

Fig. 21. Training loss histories for the test for rigid body modes using the machine learning scheme with an error, showing total, PDE, and boundary condition losses. 
The vertical dashed line indicates the transition from Adam to L-BFGS optimization: (a) u-horizontal rigid displacement, (b) v-vertical rigid displacement, and (c) 
rigid rotation about the z-axis.
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Fig. 22. Neural network predictions for the u-horizontal rigid displacement using the machine learning scheme with an error. The top row shows the stress com
ponents 

(
τxx, τyy, τxy

)
, and the bottom row shows the displacement components 

(
ux, uy

)
.

Fig. 23. Neural network predictions for the v-vertical rigid displacement using the machine learning scheme with an error. The top row shows the stress components 
(
τxx, τyy, τxy

)
, and the bottom row shows the displacement components 

(
ux, uy

)
.
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[38]. Training used a two-stage optimization strategy (Fig. 7). Adam 
([39]) was first applied for 2000 epochs with a learning rate of 
1.0 × 10⁻4, followed by L-BFGS ([40]) fine-tuning with strong Wolfe line 
search for up to 2000 outer steps (max_iter = 200, history_size = 50, 
tolerance_grad = 1.0×10− 8, and tolerance_change = 1.0 × 10− 12). Early 
stopping was applied during the L-BFGS stage with a patience of 5 steps 
and a relative improvement threshold of 1.0×10− 5, and training was 
terminated early if the total loss dropped below 1.0 × 10− 7. All experi
ments were conducted in double precision with fixed random seeds for 
reproducibility.

We performed all patch tests using plane strain conditions, but of 
course plane stress conditions could also be used. If the tests are passed 
for either condition, they are also passed for the other case.

The patch tests for the rigid body modes shown in Fig. 3 were carried 
out on a square domain with side length L = 10 mm, Young’s modulus 

E = 55 MPa, Poisson’s ratio ν = 0.3, spring stiffness k = 5.5N/mm, and 
applied load Q = 0.55N. In the implementation, the action of the spring 
k and the load Q were distributed over the distance 0.1 mm in order to 
avoid a numerical instability. The same applicable data was used for the 
constant strain/stress tests shown in Fig. 4 with the applied traction q =

0.55 MPa. In Figs. 6–10 and Figs. 11–15, the results of the rigid body 
mode tests are shown, including the sampled interior collocation and 
boundary condition points (Figs. 6 and 11), and the training conver
gence histories (Figs. 7 and 12).

As shown in the figures, the patch tests are passed when using the 
proposed machine learning procedure in Fig. 5.

As seen in Figs. 7 and 12, good convergence was reached using the 
machine learning scheme, which rules out that spurious zero energy 
modes are present.

Fig. 24. Neural network predictions for the rigid rotation about the z-axis using the machine learning scheme with an error. The top row shows the stress com
ponents 

(
τxx, τyy, τxy

)
, and the bottom row shows the displacement components 

(
ux, uy

)
.

Fig. 25. Convergence histories for the test for constant strains/ stresses using the machine learning scheme with an error. The total, PDE, and boundary condition 
losses are shown, and the dashed line marks the switch from Adam to L-BFGS: (a) uniform extension in the x-direction, (b) uniform extension in the y-direction, and 
(c) uniform shear.
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Fig. 26. Predicted stress fields and deformed configurations for the x-direction test of constant stresses using the machine learning scheme with an error. The stress 
components 

(
τxx, τyy, τxy

)
are shown in the top row, and the displacement components 

(
ux, uy

)
are shown in the bottom row.

Fig. 27. Predicted stress fields and deformed configurations for the y-direction test of constant stresses using the machine learning scheme with an error. The stress 
components 

(
τxx, τyy, τxy

)
are shown in the top row, and the displacement components 

(
ux, uy

)
are shown in the bottom row.
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3. Analysis of a sheet with a hole

We next perform the analysis of a sheet with a hole. Fig. 16 describes 
the problem giving the geometry and material data. First, we consider 
prescribed end-displacements as the loading and then we solve the 
problem with prescribed end-tractions.

The objective is to show that if the patch tests are passed, the analysis 
results obtained are reasonable in both analysis cases, but of course may 
not be sufficiently accurate because, for example, the discretization used 
may not be sufficiently fine.

However, if there is a defect in the theoretical formulation of the NN 
or an error in the implementation, the patch tests are not passed but the 
results in “a” structural analysis may look acceptable whereas in 
“another” analysis the results are clearly not acceptable. The proposed 
machine learning procedure is then not reliable – and the use of the 
patch tests reveals this deficiency.

3.1. The sheet subjected to prescribed end-displacements

In this case of prescribed end-displacements, we can use symmetry 
and consider only one quarter of the sheet, see Fig. 17. As expected, good 
results with the machine learning procedure of Fig. 5 are obtained, see 
Figs. 18–20, since the patch tests have been passed, see Figs. 6–15.

As a next step, we intentionally introduce an artificial bias into the 
loss weighting to mimic a potential programming error. Since the y- 
directional equilibrium residual is most important in this analysis given 
that the plate is loaded in the y-direction, we introduce the error in the x- 

Fig. 28. Predicted stress fields and deformed configurations for the shear test using the machine learning scheme with an error. The stress components 
(
τxx, τyy, τxy

)

are shown in the top row, and the displacement components 
(
ux, uy

)
are shown in the bottom row.

Fig. 29. Convergence data for the analysis of the sheet with the hole with the 
error in the ML calculations.

Fig. 30. Predicted displacement magnitude ‖u‖ and von Mises stress (τvM) for 
the quarter plate with a circular hole with the error in the machine 
learning procedure.
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directional equilibrium residual by reducing it by the factor 10− 4. This 
allows us to examine whether the neural network may produce visually 
plausible yet physically inconsistent solutions, a phenomenon we refer 
to as “hallucination”.

Figs. 21–28 show that the patch tests are not passed in that case, 
although convergence has been reached in the machine learning 
solution.

Then solving the problem of Fig. 17 with the solution procedure not 
passing the patch tests, we see that convergence is reached, as shown in 
Fig. 29, and that the stress predictions obtained, see Figs. 30 and 31, are 
somewhat like the calculated results in Figs. 19 and 20, (but some dif
ferences can be seen). We might expect this result because the model is 
highly constrained.

Based on these results, if only the analysis of this sheet is performed 
with the machine learning procedure containing the error, the solution 
scheme might be erroneously looked at as a scheme to use in general.

3.2. The sheet subjected to prescribed end tractions

We next solve the problem with tractions applied (instead of dis
placements) and the sheet subjected only to the typical boundary con
ditions to prevent rigid body modes. In this case we model the complete 
sheet, see Fig. 32. Hence the model is not highly constrained (as it is in 
Section 3.1) and we may expect that the machine learning procedure 
will show different results with the error than without the error. The 
convergence data and final results for these analyses are shown in 

Fig. 31. Predicted stress components 
(
τxx, τyy, τxy

)
for the quarter plate with a circular hole with the error in the machine learning procedure.

Fig. 32. The model of the geometry, applied tractions and boundary conditions used for the solution of the complete sheet (left) and the distribution of the interior 
and boundary collocation points (right).
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Figs. 33–36 when the machine learning procedure is used without the 
error, and in Figs. 37–40 when the error is present.

We see that in this solution, the error in the machine learning cal
culations results in significant differences, see Figs. 34–36 to compare 
with Figs. 38–40. We also see that the predicted τxx stress is unphysical 
in Fig. 39 and the deformed shape in Fig. 40 is not quite symmetric. 
These unacceptable results are clearly a consequence of the patch tests 
not being passed.

Hence, these solutions show the importance of considering the patch 
tests using a machine learning scheme and ensuring that these tests are 
passed before any other analyses are performed. In industry, very 

Fig. 33. Convergence data in the analysis of the full plate with a circular hole 
subjected to tractions.

Fig. 34. Predicted displacement magnitude ‖u‖ and von Mises stress (τvM) for 
the full plate with a circular hole subjected to tractions.

Fig. 35. Predicted stress components 
(
τxx, τyy, τxy

)
for the full plate with a circular hole subjected to tractions.

Fig. 36. Deformed configuration in the analysis of the sheet with the hole 
subjected to tractions (Scaled up by factor 1.5).
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complex geometries subjected to various loading and boundary condi
tions need to be solved and whether a solution is correct or not may be 
difficult to discern. Therefore, only reliable solution techniques can be 
employed.

4. Concluding remarks

Our objective in this paper was to focus on the patch tests which 
should be solved and passed in the testing of machine learning pro
cedures designed to perform displacement, velocity, temperature or 
stress analyses. If these are not passed, the proposed machine learning 

Fig. 37. Convergence data for the analysis of the sheet with the hole subjected 
to tractions with the error in the machine learning calculations.

Fig. 38. Predicted displacement magnitude ‖u‖ and von Mises stress (τvM) for 
the full plate with a circular hole with the error in the machine learning 
calculations.

Fig. 39. Predicted stress components 
(
τxx, τyy, τxy

)
for the full plate with a circular hole with the error in the machine learning calculations.

Fig. 40. Deformed configuration in the analysis of the sheet with the hole 
subjected to tractions with the error in the machine learning calculations 
(scaled up by factor 1.5).
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scheme is not reliable for general use.
We first discussed the patch tests used in traditional finite element 

developments, then described the models we employ to perform the 
patch tests using a machine learning scheme when focused on analysis 
and finally exemplified that if the patch tests are not passed erroneous 
results can be obtained although these may look acceptable in some 
analyses.

Of course, the patch tests are only one important means to identify 
the correctness and reliability of a machine learning analysis scheme. 
However, passing the patch tests is surely a necessary condition for 
establishing confidence in a proposed machine learning scheme. There 
are also other tests, like the inf-sup tests and the rate of convergence tests 
[35,36], which are also important to perform in order to understand the 
full capabilities of a machine learning procedure.

Apart from presenting and illustrating the usefulness of the patch 
tests, a major point we want to also convey is that more focus needs to, in 
general, be directed towards the testing of a proposed machine learning 
procedure. The aim should be to identify whether the procedure is 
reliable and efficient for general use in engineering and scientific 
studies. It is not sufficient to rely on the principle of virtual work (as we 
did in this paper) or a universal approximation theorem. These mathe
matical frameworks are very important and fundamental, but when 

designing a solution scheme operating on these frameworks, we need to 
show reliability of the scheme, which means verification and validation 
(V&V), and have strong V&V tests. Significant further research should 
be directed towards this aim in various areas of machine learning.
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Appendix 

Appendix A. PINN model and loss function

Assuming a two-dimensional elasticity problem, we approximate the displacement and stress fields through a neural network N θ: 
(
ûx, ûy, τ̂xx, τ̂yy, τ̂xy

)
(x, y) = N θ(x, y), (x, y) ∈ Ω (A.1) 

The network adopts a mixed formulation in which both displacement and stress components are predicted. The residuals are derived from the 
stress–strain constitutive relations and the strong-form equilibrium equations in the domain Ω.

Let û =
(
ûx, ûy

)
and ̂τ ∈ R2×2 with components 

(
τ̂xx, τ̂yy, τ̂xy

)
and assume small strain and small displacement conditions. The strains and stresses 

are computed as 

ε̂(û) = 1
2
(∇û +∇û⊤

), τ⋆(û) = λ tr(ε̂)I+2μ ε̂, (A.2) 

where λ, μ are Lame’s constants.
The residuals derived from the constitutive relations and the equilibrium equation ∇⋅τ = 0 are 

rcons(x):=
τ̂(x) − τ⋆(û(x) )

s0
, req(x):=

L
s0

∇⋅τ̂(x), (A.3) 

where L, s0 are scaling factors that make the residuals unitless.
The loss in satisfying the differential equilibrium equations in the domain is defined as 

L pde = Ex∼U (Ω)

[
∑

α∈{xx,yy,xy}

⃒
⃒rcons,α(x)

⃒
⃒2 +

∑

β∈{x,y}

⃒
⃒req, β(x)

⃒
⃒2
]

, (A.4) 

where rcons(x) =

[
rcons,xx(x) rcons,xy(x)
rcons,yx(x) rcons,yy(x)

]

, and req(x) =

[
req, x(x)
req, y(x)

]

.

and we have 

L pde ≈
1

|X c|

∑

xi∈X c

(
∑

α∈{xx,yy,xy}

⃒
⃒rcons,α(xi)

⃒
⃒2 +

∑

β∈{x,y}

⃒
⃒req, β(xi)

⃒
⃒2
)

,X c⊂Ω. (A.5) 

Here, X c = {xi}
Nc
i=1 denotes the set of interior collocation points sampled in Ω that is used to evaluate the PDE residuals.

Likewise, for the boundary conditions on Γ, 

Γ = ∂Ω =
⋃M

m=1
Γm, (Γm ∩ Γmʹ = ∅ if m ∕= mʹ) (A.6) 
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Let B m(û(x), σ̂(x);x) = 0 be the equations to be satisfied on Γm. It may be scalar- or vector-valued; in the latter case, the mean square error is 
computed by summing the squared residuals of its components. For each boundary segment Γα, Xα denotes the corresponding set of sampled collo
cation points, and n denotes the outward unit normal vector on Γα. The loss for boundary conditions is defined as 

L bc =
∑M

m=1
‖
B m(û, τ̂ ; ⋅)

cm
‖

2

X m

(A.7) 

where cm ∈ {L, u0, s0} is a corresponding scaling factor that renders B m(û ,̂τ ;⋅)
cm 

to be unitless.
The weighting coefficients λpde and λBC are applied to each component of L pde and L BC to balance their contributions during training. In this 

study, all point boundary conditions are assigned a weight of 10.0.

Data availability

Data will be made available on request.
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